Supplement 1
Some Elementary Functions
and Their Properties

In Supplement 1, n is a positive integer, unless otherwise specified.

1.1. Trigonometric Functions

1.1.1. Simplest Relations

2 2

sin“x + cos“z = 1, tanxz cotx =1,
sin(—x) = —sinx, cos(—x) = cosz,
sin x Cos T
tanx = cotr = ——,
cosS T S T
tan(—z) = —tanz, cot(—x) = —cot x.

1.1.2. Relations Between Trigonometric Functions
of Identical Argument

tanx 1
sing = /1 —cos?x = & =
V1 +tan®z V1+cot?z’
1 t
cosz =+V1—sin’z =+ =+ core ,
V1+tan? z V1+cot?z
sin x V1 —cos?zx 1
tanx = * =4 = ,
1 —sin?z COs T cotx
¢ i 1—sin’z cosx 1
cotx = = = .
sinx v/1 — cos® tan x
1.1.3. Reduction Formulae
sin(x £ nw) = (—1)"sinz, cos(x £ nm) = (—1)" cosz,

2 + 1 2 —|— 1 .
sln( I ) =+(-1)"cosz, COb( r ) =F(-1)"sinz,
tan(z £ n7r) = tanz, cot(z £ mr) = cot z,

2 1 2 1
tan( n+ ):—cotx, cot( n—|— ) = —tanwz,
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2
—~ (sinz + cosx),

sin(x + 1)

4
tan(szl) _ taun;zc:i:l7
4 1Ftanz

1.1.4. Addition Formulae

sin(x £+ y) = sinx cosy £ siny cos z,
tanx £ tany

ta +y)y=—— "
n@+y) 1Ftanztany’

2
cos(:v:i: %) %(cosm:Fsinx),

iy
£ i—J
CO (x 4

cotx F1
l1+cota’

cos(z £ y) = cosx cosy Fsinzsiny,
1 Ftanztany

t(x ty) = .
cot(w £ ) tanx £ tany

1.1.5. Addition and Subtraction of Trigonometric Functions

sinz £siny = 2sin(
cosT + cosy = 2cos<

. X
cosx —cosy = —2 sm(

xiy) (x¢y)
COS
2 2 )

ac+y) (x—y)
cos ,
2 2

+

y)sin(z_y>
2 )

acosz + bsinz = rsin(x + ¢) = rcos(z — 1),

where r = va? + b2, sinp = a/r, cosp = b/r, siny) = b/r, cosp =a/r,

sin?

z —sin® y = cos® y — cos

x = sin(z + y) sin(z — y),

sin? x — cos? y = — cos(z + y) cos(z — ¥),
D —
tanx:l:tanyzw, cotx:l:coty:fw,
COS T COS Y sin z siny

1.1.6. Product of Trigonometric Functions

sinxsiny =

sinxcosy =

[cos(x — y) — cos(z + )],

[sin(z — y) + sin(z + y)].

1
2

cosz cosy = +[cos(z — y) + cos(z + y)],
1
2

1.1.7. Powers of Trigonometric Functions

cos?z = %COSQer %,
cos® x = %COSBer % cos x,
cos* x = %COS4$+ %cos2x+ %,

5

S 5 5
€0s° T = 5 €OSOHT + 7 o8 3T + ¢ cosz,
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sin®’ x = sin bx —

2

sin“ x = —%cost—i— %,

3 _1

sin®x = sin 3x + % sin x,

4
4

sin® x = %cos4a:— %cos2x—|— %,

5 1 5

. 5 .
15 15 8in3z + < sinx,



n—1

cos™™ x = L Z C% . cos[2(n — k)z] +

22n—1

CQna

22n

cos2nl  — 22n Z Ch .1 cos[(2n — 2k + 1)z,
k=0

1
. on 1 _ 1
sin?" ¢ = ST E (=1)" kCén cos[2(n — k)| + QWCSW

n

1 n— :
sin 2n+1 T = 22n Z(_]‘) kC§n+1 Sll’l[(Qn =2k + 1);6]7
k=0

! . . .
where C* = W are binomial coeflicients.

1.1.8. Trigonometric Functions of Multiple Arguments

cos2x = 2cos’ x — 1, sin 2x = 2sin x cos x,
cos 3z = —3cosx + 4 cos® z, sin3z = 3sinx — 4sin® z,
cosdr =1 — 8cos® v + 8cos' z, sinda = 4 cos z(sinz — 2sin® z),

cos bz = 5eosx — 20 cos® x + 16 cos® r, sindxr = 5sinz — 20 sin® z + 16 sin® T,

" n?(n?—1)...[n% — (k—1)? . 9
cos(2nx) _ 1+1€§::1(_1)k ( ) (2][€)| ( ) ]4ksm ch7

cos[2(n + 1)z] = cosx{l

I S BA(CIES Vi (CTRY (2:2)]' (20 +1)” - <2’“—1”sm%m},

n 2 2 _ 92 2 _ 2
; _ : (07— —2%)...(n" — k%) 4 . opy
sin(2nx) = 2n cosx[sma: + ,;:1(_1) k1) 4% sin x|,

sin[2(n + 1)z] = (2n + 1){sinx

- [(2n+1)2 —1][2n+1)2 = 32]...[2n+ 1) — (2k — 1)?] . 5y
+Z 2k + 1) sin o,
k=1
2tanzx 3tanx — tan® z 4tanx — 4tan® x
tan2x = ————, tand3z = ————5——, tandr = 5 -
1 —tan“x 1—3tan“x 1 —6tan®z + tan* x

1.1.9. Euler and de Moivre Formulae, Relation to Hyperbolic Functions

ez—&-m

=e*(cosx +isinx), (cosx+isinz)™ = cos(nx)+isin(nr), 2= -1,
sin(iz) = isinhx, cos(iz) = coshx, tan(iz)=itanhz, cot(iz)= —icothzx.
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1.1.10. Differentiation and Integration Formulae

dsinz d cosT . d tanx 1 d cotx 1

=cosz, ——— =—sinx = - _
dx ’ dx ’ dz cos?2z’ dx sin®x’

sinzdr = —cosx + C,
cosxdr =sinz + C,
tanxdz = —In|cosz| + C,

cotxdr =1In|sinz| + C,

) n—l sin[(2n — 2k)z]
J— k —
sin?" x dr = 2Wczn 22n 1 Z Q”W +¢

n k
s 2n+1 _ (_1) k 2k+1
sin rdr = E —2k+1Cncos xz+C,

, sin[(2n — 2k)x]

2n — 2k +G

1
cos® xdx = C’an + = 521 Z Cs,

n k
2n+1 _ E (_1) k 2k+1
COS e d(E = 2 mc sin x + Ca

2n—2k+1

t
tan®" z dx = (— Z anz) +C,
k=

n—2k;+1

n 71)k(tanx)2n72k;+2
t 2n+1 d — 71 n+11 o (
an xdr = (—1) n | cos z| Z YA

k=1
2n—2k+1

on B k(cot x)
/cot rdr = (— x—i—z 2n—2k+1 + C,

)2n—2k‘+2

+C,

\\\\\\\\\\

+C,

th x
t2n+1 d — (_ 'nl CO
/co xdr = (-1 n\smx\—i—g Y

|

where C% = m are binomial coeflicients.

1.2. Hyperbolic Functions

1.2.1. Simplest Relations

. et —e * e +e "
smh:c:T, coshr = ———,
T —T T —T
e’ —e e’ +e
tanhxzi_, COthJJ:i_,
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cosh? z — sinh®z = 1, tanhx - cothz =1,

sinh(—z) = —sinh z, cosh(—z) = cosh z,
3 1h
tanhx = sinh 2 , cothz = C_Ob gj ,
coshx sinh z
tanh(—z) = —tanh z, coth(—z) = —cothz.

1.1.2. Relations Between Hyperbolic Functions of Identical Argument

tanh 1
sinhz = +Vcosh?z — 1 = + ann e =4+

V1 —tanh?z Veoth?z — 1 ’
1 th
coshz = Vsinh?’z +1 ==+ =+ o ,
V1 —tanh?z Veoth?z — 1
sinh x n Veosh?z — 1 1

tanhz = = =

VeinhZz + 1 coshz cothz’
Vsin?x + 1 " cosh x 1

thx = = = .
cothr sinh x Veosh?x — 1 tanh x

1.2.3. Addition Formulae

sinh(x + y) = sinh x cosh y & sinh y cosh ,
cosh(x + y) = cosh z cosh y & sinh z sinh y,

cothx cothy + 1
cothy = cothz ~

tanh z + tanh y
1+ tanhztanhy’

tanh(z +y) = coth(z £ y) =
1.2.4. Addition and Subtraction of Hyperbolic Functions

+
sinhx + sinhy = 2 sinh(%) cosh(

m:Fy)
2 )
coshz 4 coshy = 2cosh(xT+y) cosh(%),

coshx — coshy = 281nh<$T+y) sinh( x g Y ),

sinh? z — sinh® yy = cosh? 2 — cosh? y = sinh(z + ) sinh(z — y),
sinh? z + cosh? y = cosh(z + y) cosh(z — y),

sinh(z + y) sinh(z + y)

, thz 4+ cothy = +— - ;
cosh x cosh y oM = CoMLY sinh x sinh y

tanhz £ tanhy =

1.2.5. Product of Hyperbolic Functions

[cosh(z + y) — cosh(z — )],
[cosh(z + y) + cosh(z — )],
[sinh(z 4+ y) + sinh(z — y)].

sinhxsinhy =

cosh x coshy =

o= po]= rof=

sinh x coshy =
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1.2.6. Powers of Hyperbolic Functions

cosh? z = % cosh 2x + %, sinh?z = % cosh 2x — %,
cosh® z = % sinh 3z + % sinh z, sinh® z = % sinh 3z — % sinh z,
cosh?z = L cosh4x + L cosh2z + 2, sinh?z = L cosh4a — L cosh2z + 2,
cosh® z = 1—16 sinh bx + % sinh 3x + % sinh z,
sinh® z = 1—16 sinh 5z — 1—56 sinh 3z + % sinh z,
1 = 1
cosh® z = ST Z C% . cosh[2(n — k)z] + o cy,,
k=0
1 n
cosh? 1 ¢ = 53 Z C%. 1 cosh[(2n — 2k + 1)z],
k=0
1 n—1 (_1)n
sinh®" z = ST Z(_l)kC§n cosh[2(n — k)z] + ZTCSW
k=0
-, 1 ¢ :
sinh®" !z = Som Z(fl)kogm_l sinh[(2n — 2k + 1)z],
k=0
% m!
where €7 = —————— are binomial coefficients.
™okl (m—k)!
1.2.7. Hyperbolic Functions of Multiple Argument
cosh 2z = 2cosh?z — 1, sinh 2z = 2 sinh x cosh z,
cosh 3z = —3 coshz + 4 cosh® z, sinh 3z = 3sinh z + 4sinh® z,
cosh4z = 1 — 8cosh® z + 8 cosh? sinh 4z = 4 cosh z(sinh z 4 2sinh® z),

cosh 5z = 5 cosh z — 20 cosh® z + 16 cosh® z,
sinh 5z = 5sinh z + 20 sinh® z + 16 sinh® z.

n [n/2] (71)k+1
cosh(nz) = 2" ! cosh™ z + 5 ];) k—_HCﬁ:i_ﬂ"*%*Q(cosh )
[(n—1)/2]
sinh(nz) = Z on=k=1ok | (coshx)"~2k=1
k=0

. k!
where C*¥ = ——~"_ are binomial coefficients, [A] stands for the integer part of num-
™ ml(k—m)!

ber A.
1.2.8. Relation to Trigonometric Functoins

sinh(ix) = isinz, cosh(ix) =cosx, tanh(iz) =itanz, coth(iz)= —icotx,

where 2 = —1.

© 1995 by CRC Press, Inc.



1.2.9. Differentiation and Integration Formulae

d sinh x d coshx . d tanh x 1 d cothx 1
———— =coshz, ———— =sinhz = =

’ ’ 2 . 2
dx dz dz cosh” z dz sinh” z

/sinhxd;v:coshx—i—C,
/coshxdw =sinhx + C,
/tanhxdm = In|coshz| + C,

/cothmdﬂc = In|sinhz| + C,

n—1 .
. 1 2n _ =, 1 &~k sinh[(2n — 2k)x]
i e = L+ s S0 SR

+C,

—~ (="t 2k+1
chcosh x4+ C,

n—1

Z k- cosh[(2n — 2k)x] e
k=1

22n—1 2n — 2k

n
1
cosh? ™ z dx = Z Cksinh* 1z + C,

/
/
/
/
/
/

2k+1
"\ (tanh )27 2k+1
tanh® rde =z~ 3 c
an rar =x ’; o — %k 1 +C,
" (tanh )27 —2k+2
tanh® ™ 2 dz = Incosh z — kz_:l ( a;; —x)Zk ) +C,
n th z)2n—2k+1
then g dy = ¢ — 3 LRI
co rTaATr =T ; o 2k 1 + C,
n
th 2)2n—2k+2
/Coth2n+1 l'dx = hl | sinhx‘ — ; % + C,
where CF = — ™ are binomial coefficients.

k! (m — k)l

1.3. Inverse Trigonometric Functions

1.3.1. Simplest Relations

Principal values of inverse trigonometric functions are defined by the inequalities

™

< arcsinzx < , 0 <arccosz < T, where —1<z<1,

YR

2
T
> < arctanz < , 0 < arccotx < m, where — o0 < < +400.
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arcsin(—x) = — arcsin z, arccos(—x) = m — arccos x,

arctan(—x) = — arctan z, arccot(—x) = m — arccot x,
sin(arcsinx) = x, cos(arccos ) = x,
tan(arctanz) = x, cot(arccot x) = x,

. T — 2nm if 2n7r—%77§x§2n7r+%77,
arcsin(sinx) =

T — 2nmw if 2nw <z <2nm,

arccos(cos ) = { —2+2n+ 1) if 2n+Dr<z<2n+ 1),

arctan(tanz) = ¢ —nw  if nw— %7‘(‘ <x<nm+ %77,

arccot(cotz) =z —nmw if nr <z <(n+ 1w

1.3.2. Relation Between Inverse Trigonometric Functions

. T T
arcsin x + arccos x = 5 arctan z -+ arccot z = 5
arcsin v1 — 2 if 0<x<1,
—arccos v 1 — 22 if —-1<z<0,
x
arcsinx = { arctan ——— if —l<z<l,
V1—22
V1—2a22 .
arccot —— — 7 if —-1<z<0,
x
arcsinv1 — z2 if 0<z<1,
m — arcsinv1 — 22 if —-1<2<0,

_ V1= 2
arccosT =1 arctan vy if 0<z<1,
T
—— if —1<z<l
arccot ———— i — T .
Vv1—2z2 -
. T
arcsin ﬁ lf xr — any,
1
arccos ——— if >0
/ 2 e )
arctanz = 1 +T
— arccos ——— if <0
V14 22 -
1
arccot — if  x>0.
x
i ! if >0
arcsin ——— if =z
V1422 ’
1
T — arcsin —— if x<0,
arccot r = ) V1+ 22
arctan — if x>0,
T
1 .
T + arccot — if z<O.
T
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—z+2n+ )7 if n+l)r—4r<z<2n+ )71+ 57,



1.3.3. Addition and Subtraction of Inverse Trigonometric Functions

arcsinz + arcsiny = arcsin(zv/1 — y? + yv/1 — 2?) if 2% +y% <1,

arccos T + arccosy = arccos[xy —v([1—=22)(1- y2)} ifx4+y>0,
arccos x — arccosy = — arccos|[zy + /(1 — 22)(1 — y?) ] ifx—y>0,
arctan x + arctany = arctan Tty if zy <1,

1—2xy

x—y .
arctan x — arctan y = arctan if xy > —1.

1+ 2zy

1.3.4. Differentiation and Integration Formulae

d . 1 d 1
——arcsing = ————, —— arccos T = — ————o,
V1—22 dx V1—22

¢ 1 d ¢ 1
— arctangy = ——, —— arccotx = ————,
dx 1+ 22 dx 1+ 22

/arcsina:da: =zarcsinz + V1 — 22 + C,
/arccos:z:dx = xarccosz — /1 — 22+ C,
1 2
arctanx dr = rarctanz — 5 In(z“+ 1)+ C,

1
/arccot x dx = xarccotx + 5 In(z* 4+ 1)+ C.

1.4. Inverse Hyperbolic Functions

1.4.1. Relation to Logarithmic Functions and Simplest Relations

Arsinhx:ln(m—f— x2+1), Arcoshx:iln(m—i— \/962—1),

1 14+ 1 1+
A hex=—1 A hr=—In——
rtanh x 21117%, rcoth x 2nx—1’
Arsinh(—z) = — Arsinh z, Arcosh(—z) = Arcoshz,

Artanh(—z) = — Artanh z, Arcoth(—z) = Arcothz,

1.4.2. Relations Between Inverse Hyperbolic Functions

x
Arsinh z = Arcosh 22 + 1 = Artanh ———,
Vaz +1
VaZ =1
Arcosh x = Arsinh /22 — 1 = Artanh xi’
x
Artanh ¢ = Arsinh ———— — Arcosh #x = Arcoth 1
B Vzz—1 Vi—azz T
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1.4.3. Addition and Subtraction of Inverse Hyperbolic Functions

Arsinh x &+ Arsinh y = Arsinh (9: 1+ 92 +yv/1+ 22 ),

Arcoshz + Arcoshy = Arcosh[zy + /(22 — 1)(y%2 — 1) ],

Arsinhz + Arcoshy = Arsinh|[zy + /(22 +1)(y2 — 1) ],
rzty

Artanh z £ Artanh y = Artanh ,
142y
+1
Artanh x £+ Arcothy = Artanh i
Yyt

1.4.4. Differentiation and Integration Formulae

L Arsinhz = ;, i Arcoshy = ——,
x2+1 dm 1‘2—1

iArtanh:c: L, iArcoth:z::f;7
1 — 22 dx 1— 22

/Arsinhxdx =z Arsinhz — V22 + 1+ C,
/Arcosh:rdx =x Arcoshz F 22 -1+ C,

1
/Artanhx dx = z Artanhz + 5 In(1 —2?) + C,

1
/Arcothac dx = x Arcothz + 3 In(z? — 1)+ C.

1.5. Some Conventional Symbols

1.5.1. Factorial
ol=1=1 nl=1-2-3...(n—1)n, n=2 34, ...,

2n)=2-4-6...(2n—2)(2n) = 2"n!,
2n+1

(2n+1)!!:1-3~5...(2n—1)(2n—|—1)=Wf(n—F?),

2%)!1 if n = 2k
Il = ( ’ I —
" {(2k+1)!! itn—ok+1, ML

1.5.2. Binomial Coefficients
Cb — F(a + 1)
@ Tb+1)l(a—b+1)’

where I'(z) is the gamma-function.
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n!

k = - =
C"’k;!(n—k)!’ k=1,23, ..., n,
Ccl=1, C,’ij for k=-1, =2, =3, ... or k>n,
b1 _ @ b b b b+1 _ b+l
Cao =57 Cet = b+1C Cot Ca™ = Catry
n (=" n (2n—
Chyyy = 22n s Oz = (=1) eI
no_ (DM (=D 2n -3
/27 “pg2n—1 Y2n-2 n (2n —2)I17
Ol = (—1)"274nACy, g = 22O,
2 n+1 22n
01/2 — Cn/2 _ _0(71,—1)/2.
1.5.3. Pochhammer Symbol
I'(a+n) I'l—a)
n = 1)... )= = (1)
(@ = ala+1)...(a+n=1) = — (1
I(a—n) (=)™ (n+k—1)
= 1 = e s _ = @@
(@)o =1, (a) T'(a) 0—a. ™=
_Tla—n)  (=D" g
(a)—p = T~ (= where a #1, 2, ..., n; k=1, 2, 3, ...
2n)! !
(D =nl, (1/2)n = 2_%(L1)7 (3/2)n =2 o (2n—i|_1) )
n! n!
(@)mk4nk (@)2n (@)n(a+ k)
(a +mk)nr = , (a+n , (a+n) =
@ O, T,
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