Chapter 2

Second Order
Differential Equations

2.1. Linear Equations

2.1.1. Preliminary Comments

1. A homogeneous linear equation of the second order has the form

Fa(2)yes + [1(@)ys + fo(2)y = 0. (1)

Let yo = yo(x) be a nontrivial particular solution (y # 0) of this equation. Then the
general solution of equation (1) can be found from the formula

—F

y:y0<C1+C2/ “o-dz),  where F:/%d:ﬂ. (2)

Yo

For specific equations described below in 2.1.2-2.1.8, often only particular solutions are
given, while the general solutions can be obtained with formula (2).

2. The substitution u = g/, /y brings equation (1) to the Riccati equation

fa(@)uly + fo(x)u® + fi(z)u+ fo(z) =0

which is discussed in Section 1.2.

3. Assuming

_ L [ h
y = u(x) exp(—E mn d:z:) (3)
yields from equation (1) the canonical (or normal) form
fo L/ fN2 17y
1
Wk flau=0,  where f=-% - (f2 ) -5 ( - ). (4)

Substitution (3) is a special case of the more general transformation (¢ is an arbitrary
function):

f1()
fa2(p)

1
r =), y) :u(5)1/|gp’§(§)| exp(—g/ dgp)’
which reduces the original equation to the canonical form.
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4. A nonhomogeneous linear equation of the second order has the form
@)y + f1(@)ys + folx)y = g(x). (5)

Let y; = y1(x) and ya = ya(z) be two nontrivial linearly-independent (y;/y2 # const)
solutions of the corresponding homogeneous equation with g =0. Then the general solution
of equation (5) can be found from the formula

g dx g dx
y=Cuyp +Coyo+v2 [ 1~ —wn1 [ Y2~ 6
f2 W f2 W (6)
where W' = y1(y2); — y2(y1)5-
Given a nontrivial particular solution y; = yi(z) of the homogeneous equation with
g =0, formula (6) can be used for the construction of the general solution of equation (5)
with the second solution yo = ya(z) taken in the form

e ¥ f1 F
Yo = Y1 / 5 dz, where F = [ Z=dx, W=e", (7)
Y1 f2

In Subsections 2.1.2-2.1.8, mainly homogeneous equations are given; the corresponding
nonhomogeneous equations may be solved by means of the formulae (6) and (7).

2.1.2. Equations Containing Power Functions

1. 4y’ +ay=0.

Solution:
Cy sinh(zy/]al ) + Ca cosh(xz4/]a]) if a <0,
y=4 C1+ Cox ifa=0,
Cy sin(zv/a) + Ca cos(z/a) if a > 0.

2. yt —(ax+b)y=0, a # 0.

The substitution &€ = a=2/3(az 4 b) leads to the Airy equation

Yie — &y =0, (1)

which is often met with in various applications. The solution of equation (1) can be
written as

y = C1 Ai(§) + C2 Bi(¢),

where Ai(€) and Bi(€) are the Airy functions of the first and second kind, respectively.
The Airy functions admits the following integral representation:

Ai(¢) = %/OOO cos(%t3 + ft) dt,
Bi(¢) = % /Ooo {exp(—%t?’ + §t) + sin(%t?) + ftﬂ dt.
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The Airy functions can be expressed in terms of the Bessel functions and the modified
Bessel functions of the order 1/3 with the formulae

Ai(€) = 5 VE [L1ys(2) — Tys(a)] = =\ = Kugs(2),

Bi(¢) = \/% [1_13(2) + I3(2)],
Ai(—¢) = %\/E [J1/3(2) + J1ys(2)],

Bi(—¢) = \/% [J-1/3(2) = Jiy3(2)]

where z = 2£3/2.
For large values of &, the leading terms of the asymptotic expansions of the Airy
functions are

Ai(g) = #51/4 exp(~2),

Ai(=¢) = %5_1/4 Sin(z + %)7

Bilg) = —=¢ !/ ex(2)
Bi(—¢) = %5_1/4 cos(z + %)

The Airy equation (1) is a special case of the equation 2.1.2.7 with n = 1.

y” — (a*z®* 4+ a)y = 0.

(MC2

Particular solution: yo = exp(T).

Yy — (az? + b)y = 0.

The transformation z = z?\/a, u = ¢
equation 2.1.2.65:

/2y leads to the degenerate hypergeometric

zul), + (5 —z)u’z - Z(% +1)u= 0.

y! +a*z(2 —ax)y =0.

ZIQCC

Particular solution: yg = exp(—T + am).
y” — (ax? + bz + c)y = 0.

b
The substitution £ = = + > leads to an equation of the form 2.1.2.4:
a

2 b2
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7. yt, —ax"y=0.

1°. For n = —2, this is the Euler equation 2.1.2.118, while for n = —4, this is the
equation 2.1.2.198 (in both cases the solution is expressed in terms of elementary
function).

2°. Assume 2/(n +2) = 2m + 1, where m is an integer. Then the solution is
Y= ;g(;clfqu)erl {Cl exp(ﬁxq) + Cs exp (ﬁxqﬂ if m >0,
q q

y=x(z'722D)"" {Cl exp(ﬁxq) + Cy exp (—ﬁxq>} if m <0,
q q

d n+2 1
here D = —— ¢ = - .
where dz’ 7 2 o+ 1

3°. For any n, the solution is expressed in terms of Bessel functions and modified
Bessel functions of the first or second kind (see 2.1.2.122):

y=valey (o) oy (Y0 ira<o

2q 2q

y = \/E[CllL (%xq) +CoK 1 (ﬁxq)], ifa >0,
2q

2q q

where ¢ = +(n + 2).
8. y” —a(az® +nz" ')y =0.

Particular solution: yo = exp( :E"'H).

n+1

9. yr . — az" 2%(az™ +n+ 1)y = 0.

. . a n
Particular solution: gy =« exp( )
n

10. y2 + (az?™ + bz 1)y = 0.

The substitution £ = 2"*! leads to an equation of the form 2.1.2.103:
(n+ 1)2§yg£ +n(n+ 1)y; + (a€ +b)y = 0.
11. y2” +ay., +by =0.

The equation of damping oscillation.

1°. Solution with A2 = a2 — 4b > 0:

A— e
yzC’lexp< ax) +026Xp(7ax).
2 2
2°. Solution with A2 = 4b — a2 > 0:
ax . AT \x
y = exp(—7) (01 sin —- + C5 cos 7)
3°. Solution with a? = 4b:

y = exp<f%) (C’lm + 02).
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12. y” +ay. + (bx 4 c)y = 0.

This is a special case of equation 2.1.2.103.

13. yl, +ay, — (bz® 4 c)y = 0.

The substitution y = uexp(%ﬁ\/g) leads to an equation of the form 2.1.2.103: u/ +
(2Vbz + a)u’, 4 (avbz — ¢ +Vb)u = 0.

14. y” +ay), +b(—bz?+ azx+ 1)y = 0.
b 2

Particular solution: yg = exp(—%).

15. y” + ay), + bx(—bx® + ax + 2)y = 0.
b 3

x
Particular solution: yo = exp(—T).

16. y2 +ay, + b(—bz?™ 4+ ax™ + nx™ 1)y = 0.

Particular solution: yo = exp(f—xnﬂ).

n—+1
17. y +ay, + b(—bz?™ — ax™ + nx" 1)y = 0.

b
P fax).
n+1

Particular solution: yo = exp(f
18. y/ +zy., +(n+ 1)y =0, n=1, 2,3, ...
am 2
Solution: y = exp(—x—) [Cl + Cg/exp(x—) dw} .
dx™ 2 2

19. yl, —2xy, +2ny=0, n=1,23,...

dn

Solution: y = exp(z?) T {exp(xQ) [C’l + OQ/CXP(IE2) dx} }

20. yZ + 2axy, + (bz* 4 a*z® + cx + a)y = 0.

This is a special case of equation 2.1.2.46 with n =1, m = 2.

21. y” + (ax +b)y., +ay=0.

a
Particular solution: yo = exp(—;x2 — bx).

22. y” + (ax +b)y., —ay =0.

Particular solution: yo = ax + b.

23. y” + (ax +b)y., +clax+b—c)y =0.

Particular solution: gy = e~ ".
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24. y2 + (ax + 2b)y. + (abx —a + b?)y = 0.

Particular solution: yo = ze™b*.

25. yy, + (az +b)y, + (cx + d)y = 0.

This is a special case of equation 2.1.2.103.

26. y” + (ax + b)Yy, + c[(a — ¢)z? + bz + 1]y = 0.

CI2

Particular solution: yo = exp(—T>.

27. y;:Im + 2(0’1: + b)y; ((12(172 + 2abx + C)y = 0.

The substitution u = yexp( ax? + bx) leads to an equation of the form 2.1.2.1:
u’. +(c—a—"b*)u=0.

rT

28. y2 + (az + by, + (cx® + Bz + v)y = 0.

Assuming y = uexp(sx?), where s is a root of the quadratic equation 4s?+2as+a =0,
yields an equation of the form 2.1.2.103:

uy, + [(a+4s)x + blul, + [(B + 2bs)z + v + 2s]u = 0.

29. y” + (ax + b)Yy, + c(—cx®” + az™ T + bx™ 4+ nz" 1)y = 0.

c
Particular solution: yo = exp<f—x”+1>.
n+1

30. y” 4+ a(x®—b?)y, —a(zx+b)y=0.

Particular solution: yo =x —b.

31. yl + (az? + b)y. + c(az® +b—c)y =0.

Particular solution: yg = e~ “".

32. yll, + (ax® 4 2b)y., + (abz® — ax + b%)y = 0.

Particular solution: yo = xe **.

33. ymw+(2:c + a)y., + (z* + ax?® + 2z + b)y = 0.

The substitution u =1y exp(gx ) leads to a constant coefficient equation: u, +au’, +
bu = 0.

34. y” + (az®+ bx)y’, + (3az + 2b)y = 0.

Particular solution: yo = xexp(fiax - —bx )

35. y” + (abx® + bx + 2a)y’, + a?(bz? + 1)y = 0.

Particular solution: yo = (az + 1)e™*".
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36. vy’ + (az? + bz + )y’ + x(abz?® + bc + 2a)y = 0.

a
Particular solution: yo = exp(—gx3 - cx)‘

37. yl, + (az® 4+ bz + )y, + (aba® + aca® + b)y = 0.

b
Particular solution: yg = exp<—§x2 — cx).

38. y” + (ax®+ 2b)y. + (abxz® — ax?® + b?)y = 0.

Particular solution: yo = ze™b*.

39. y” + (az® + bx)y), + 2(2az? + b)y = 0.

b
Particular solution: yo = Jcexp(—%ac4 — 5302)

40. y” + (abx® + bxz? 4 2a)y’, + a*(bz® + 1)y = 0.

—ax

Particular solution: yo = (az + 1)e

41. y! +ax™y. = 0.
This equation is encountered in the theory of diffusion boundary layer.

a$n+1
Solution: y = Ci + Cy /exp(— ) dx
n+1

42. y” + azx™y. + bz 'y =0.

For n = —1, we obtain the Euler equation 2.1.2.118. For n # —1, the substitution
z = "1 leads to an equation of the form 2.1.2.103:

(n+1)22y”. + (n+ 1)(az + n)y. + by = 0.

43. y” 4+ 2az"y! + a(ax®* 4+ nz" ')y = 0.

Particular solution: gy = xexp(— x7”+1>.

n+1

4. y! 4+ ax™yl + (bz?™ + cx™ 1)y = 0.
The substitution ¢ = 2™*! leads to an equation of the form 2.1.2.103:

(n+1)%¢yee + (n+ 1)(a& + n)y; + (b + c)y = 0.

45. y! 4+ ax™y! — b(ax™t™ + bz?™ + max™ 1y = 0).

b
Particular solution: yo = exp( xm+1).
m+1

46. y” + 2az™y! + (a®z** 4 bx®™ + ana™ ' + ca™ 1)y = 0.

The substitution w = yexp(—x”“) leads to an equation of the form 2.1.2.10:

n+1
w? + (bx®™ + cx™ Hw = 0.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

Yow + (az™ + b)Yy}, + c(az™ +b — c)y = 0.

Particular solution: gy =e™ "

yll, + (azx™ + 2b)y), + (abz™ — az™ ' + b%)y = 0.

Particular solution: yo = ze™b*.

yu. + (abz™ 4+ bz~ + 2a)y), + a?(bz™ + 1)y = 0.

Particular solution: yo = (az + 1)e™**.

Y, + (abz™ + 2ba™~" — a®x)y), + a(abz™ + bz" ! — a’z)y = 0.

Particular solution: yo = (az + 2)e™**.

y” + x"[axz?® + (ac + b)x + by, — z™(ax + b)y = 0.

Particular solution: yo = x + c.

y’ + (az™ + bxz™)y!, — (ax™ ' + bxz™ 1)y = 0.

Particular solution: yo = x.

Yy’ + (az™ + bz™)y), + (anz™ ' + bma™ 1)y = 0.
Integrating, we obtain a first order linear equation: y,, + (az™ + ba™)y = C.
Yo + (az™ + bz™)y, + [a(n + 1)z~ + b(m + L)z™ ']y = 0.

a b
$n+1 x7n+1) )

Particular solution: y = (—
articular solution:  yo = wexp| ———— m+1

yo . + (ax™ + bx™)y! + c(ax™ + bx™ — c)y = 0.

Particular solution: yg=e

Yy’ + (az™ + bz™)y’, + [abz™ " + b(m + 1)z™ ! — az™ ]y = 0.

b xm“).

Particular solution: yo = xexp(f—
m+1

Yy’ + (az™ + bz™ + c)y’, + (abz™F ™ + bex™ + anz™ ')y = 0.

a
a2t — c:r) .

n+1

Particular solution: yo = exp(—

YL + 7Y, +ay = 0.

Solution:

_J CycosvViax + Cysinviax if ax > 0,
| € cosh \/4[az] + Cy sinh \/4[az| if az < 0.

xy” + ayl., + (bx + c)y = 0.

This is a special case of equation 2.1.2.103.
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60. zy + ny. + bzx' 2"y =0.

For n = 1, this is the Euler equation 2.1.2.118. For n # 1, the solution is

Clsin( v xl_">+C’gcos< vb xl_"> if b>0,
n—1 n—1

Ch exp( b xl_") + Cy exp< —v=b xl_"> if b < 0.

n—1 n—1

y:

61. zy” + (1—3n)y, — a®n?z? "1y =0.

Particular solution: yo = (az™ + 1) exp(—az™).

62. xzy! 4+ ay. +bx"y =0.

If n = —1 and b = 0, we have the Euler equation 2.1.2.118. If n #£ —1 and b # 0, the
solution is expressed in terms of Bessel functions:

d—a 2vb ntl 2vb ntl 1-—
y=x 2 |CiJd, Vb x 2 + CLY, Lx 2 , v= | a|.
n+1 n+1 n+1

63. zy” + ay), + bz (—bz"t! +a+n)y =0.

b
Particular solution: yg = exp(f—x”H).
n+1

64. zy! 4+ axy. +ay=0.

Particular solution: yg = xe™ **.

65. xzy” 4+ (b—2x)y., —ay=0.
The degenerate hypergeometric equation.

Ifb#£0, -1, =2, =3, ..., Kummer’s series is a particular solution:

®(a, by x) =1+§: (@) o*
o = (b k7

where (a); = ala+1)...(a+k —1), (a)o = 1. If b > a > 0, this solution may be
written in terms of the definite integral

<I>(a, b; {L‘) _ F(a)l—];((l;))_ a) /0 ewtta—l(l _ t)b—a—l dt,

where T'(z) = [;* e~'t*~ ! dt is the gamma-function.
If b is not an integer, then the general solution has the form
y = C1®(a,b;x) + Cox* ®(a—b+1, 2—b; x).
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TABLE 2.1
Special cases of Kummer’s function ®(a,b;x).

a b Z P Conventional notation
a a T e’
1 2 2x —e*sinh x

X

Incomplete gamma-function

a a+l | —x ax~*y(a, ) ’y(a,m)z/ oty gy
0
Error function
= 5 z? AR erf x 2 ‘ 2
2 2 | erf:z::—/ exp(—t<) dt
2 VT Jo
-n 1 $_2 nt (7i)_n Hy, () Hermite polynomials
2 2 (2n)! \ 2 2 d" >
Hn:(_l)nex _(e—a: )7
- — S —— nt1(x _
n 9 5 2niD)l \ 2 2n+1 n=0,1,2, 3, ...
Laguerre polynomials
| (@) _ e"z™" d" —z_ nto
A 1Y ) L) = — o g (€772,
(b)n a=b—1,

(b)n =b(b+1) ... (b+n—1)

1 2 T\7Y
V+§ vl 2 P(14v)e (5) Ly(x) Modified Bessel functions
3\ L/ -n—3 I,(x)
n+l | 2n+2 | 2z F(n—&—?)e (5) In+%(x)

In Table 2.1 are given some special cases where ® is expressed in terms of simpler
functions.
Function ® possesses the properties

d" (a)n
P 1) = e D(b — 5 —x); P 1T) = o ;T).
(a,b;z) = " ®(b—a, b; —x); o (a,b;x) OB (a+n, b+n; x)
The following asymptotic relations hold:
I'(b) —b 1
d(a,b;x) > —=e"z7" |1+ O —
(a,b;x) F(a)e x [ + (|J7|)}7 as T — —+00,
. I'(b) a 1
@(a,b,m) — m(—x) |:1+O<m):|, as r — —OQ.

The following function is a solution of the degenerate hypergeometric equation:

I(1-b)

r'b-1)
I'la—b+1)

U(a,b;x) = ®(a,b;x) + () 21 7®(a—b+1, 2—b; ).
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66.

67.

68.

69.

Calculate the limit as b — n (n is an integer) to obtain

(-1

U(a,b;z) = m{¢(a,n+1;x) oz
+§o%w(a+r)—¢(l+r)—¢(1+n+r)]i_:}
(n - 1)' n! (a _ n)r 2
' Ha) (1-n), =~

r=0

where n = 0, 1, 2, ... (the last sum is omitted for n = 0), ¥(z) = [InT'(2)], is the
logarithmic derivative of the gamma-function:

n—1

(1) ==y, ) =—v+Y k7,
k=1

v =0.5572... is the Euler constant.

If b is a negative number, then function ¥ may be presented with the formula
U(a,b;x) =2 PV (a—b+1, 2—10b; )

which holds for any value of x.

For b#0, —1, —2, —3, ..., the general solution of the degenerate hypergeometric
equation may be written in the form

y=C19(a,b;z) + C2¥(a, b; x),
while for b =0, —1, —2, —3, ..., it may be written as
ylefb[Cl(I)(a—b—Fl, 2—b; )+ Co¥(a—b+1, 2—b; x)].

The functions ® and ¥ are described in the books by Abramowitz & Stegun (1964)
and Bateman & Erdélyi (1953, vol. 1) in more detail (see also Suplement 2).

zy,, + (ax + by, + c[(a — )z + bly = 0.

Particular solution: gy = e~ .

zyl 4+ (2ax + b)y., + a(ax + b)y = 0.
Solution: 3y = e~ (C} + Chz'™?).

mylwlcc + [(a+b)x+n+ m]y’w + (abx + an + bm)y = 0,
where n and m are positive integers; a # b or n # m.

Solution:

dmfl dnfl

y = Clefaz xfne(afb)w + Cgeibm e

—m (b—a)x
g elb—a)z

X

xy + (ax 4+ b)y!, + (cx + d)y = 0.

This is a special case of equation 2.1.2.103.
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70. zy!” — (ax + 1)y, — bx*(bx + a)y = 0.

. . ba?
Particular solution: yo = exp(fT).

71. zy!” — (2axz + 1)y, + (bx® 4+ a’z + a)y = 0.

Solution: y = e [Cl sin(%z\/g) + Cy cos(%z\/g)} .

72. zyl + (ax 4+ b)y, + cx(—cz? +axr+b+1)=0.
2
c

Particular solution: yo = exp<f%>.

73. zy!. — (2ax® + 1)y, + baxdy = 0.
Solution: y = C} exp[%(a ++va? — b)xﬂ + Oy exp[%(a —Va? — b)xQ].

74. zy” + (abz? + b — 5)y., + 2a%(b — 2)x3y = 0.

Particular solution: gy = (az? 4 1) exp(—az?).

75. xy! + (ax? + bx)y!, — [acx® + (a + be + )z + b+ 2c]y = 0.

Particular solution: yg = xe”.

76. xy” + (ax®+bx +2)y, +by =0.

Particular solution: yy =a+ —.
x

77. xy? + (axz® + bx + )y, + (2ax + b)y = 0.

This equation can be integrated to obtain the first order linear equation: zy) +
(az? +bx+c—1)y=C.

78. zy” + (axz® + bz + )y, + (¢ — 1)(axz + b)y = 0.

Particular solution: yo = !¢

79. zy” + (az® + bz + )y, + (Az?* + Bx + C)y = 0.
1°. Let A =ak, B =k(b— k), C = ck, where k is an arbitrary number.
Particular solution: yg =e "%.
2°. Let A=a(b+ k), B=alc+1)—k(b+k), C=—ck.

Particular solution: yo = exp(—% + kx)

3°. Let A=a(b+k), B=2a—bk—k* C=0blc—1)+k(c—2).
2
Particular solution: gy = !¢ exp(—% + ka:).
4°. Let A= —ak, B=a(c—1)—k(b+ k), C=blc—1)+k(c—2).
Particular solution: yo = x! %",
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80. zy!, + (ax®+ bz + 2)y), + (cx® + dx + b)y = 0.
The substitution u = zy leads to an equation of the form 2.1.2.103: ., + (ax+b)ul, +
(cx+d—a)u=0.

81. =xzyZ + (ax3 + by, + a(b— 1)z2y = 0.

Particular solution: g = z17°.

82. wzy” + z(az®+ by’ + (3az?® 4+ b)y = 0.

ax3

Particular solution: yg = xexp(—T — bx).

83. xzy” + (ax® 4+ bx?® 4 2)y. + bxy = 0.
Particular solution: yy =a+ —.
x

84. zy! + (abx®+ bx? + ax — 1)y, + a’bz®y = 0.

Particular solution: yo = (az + 1)e™*.

85. xy” + (axz® 4+ bx? 4 cx + d)y., + (d — 1)(ax® + bz + c)y = 0.

Particular solution: gy = 179,

86. zy” + az™y! + (abz™ — az™ ! — b2z + 2b)y = 0.

Particular solution: yo = xe™b%.

87. zy” + (az™+2)y., + az™ 'y =0.

Particular solution: yo =z~ .

88. zy” 4+ (z"+1—n)y, + bx®>""ly =0.
For b # %, the general solution has the form
y=0C exp(&x") + Cy exp(&x”),
n n

where 3; and (3, are the roots of the quadratic equation 3% + 3+ b = 0.

For b = %, the solution is

y = (Cp + Coz™) eXp(—%).

89. zy” + (az™ 4+ b)y. + anz™ ty =0.

az”
Particular solution: g = '7° exp(— )
n

90. zy” + (az™ +b)y. 4+ a(b—1)z" 'y =0.

Particular solution: yo = z' 7.
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91. zy” + (ax™ +b)y., +a(b+n — z" ly =0.

. . ax™
Particular solution: yo = exp<f )
n

92. xzy” + (ax™ + b)y., + c(ax™ — cx + b)y = 0.

Particular solution: gy =e™ "

93. zy” + (abz™ +b—3n+ 1)y, + a’n(b — n)z®"~ly = 0.

Particular solution: yo = (az™ + 1) exp(—az™).

94. zy! + (ax™ + b)y. + (cx?*~1 4 dz" 1)y = 0.

This is a special case of equation 2.1.2.141 with v = 0.
95. xzy” + (az™ 4 bx™ "' + 2)y. + ba" "2y = 0.

Particular solution: yo =a+ —.
x

96. xzy” 4+ (az™ 4 bx)y. + (abz™ 4 anz™ ! — b)y = 0.

97. xzy! + (abz™ + bx" ! + ax — 1)y, + a?bz™y = 0.

axr

Particular solution: yg = xexp(—

—ax

Particular solution: yo = (azx + 1)e

98. zy” + (az™ 4+ bx™ + )y, + (¢ — 1)(az™ ' + ba™ 1)y = 0.

Particular solution: yo = !¢

99. zy! + (abz™t™ + anz™ + bz™ + 1 — 2n)y, + a’bnz*>" Ty = 0.

Particular solution: yo = (az™ 4 1) exp(—az™).

100. (x4 a)y., + (bx + c)y., + by = 0.

bx +c—1 d:c).

Particular solution: yo = exp(— /
rT+a

101. (aix + ao)y., + (brix + bo)y,, — mbyy = 0.

Ifm=1,2,3,...,apolynomial of order m in z is a particular solution of the equation,
which may be presented as

m

1 \%k
Yo = Z(__) {Scmfx_m_l[(alx—l—ao)DQ —‘rboD]}ka’m7
by
k=0
d v+1
h D= — TIx¥ = ith —1.
where PR 1/+1W1 v #
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TABLE 2.2
Solutions of equation 2.1.2.103 for different

values of the determining parameters

Solution: y = " 2(¢), where £ = %

Constraints h A w z Parameters
©r0 | Dwm | @ | b Seng | A= P0AG),
D 75 0 2(12 A(h) as T b= (azbl—albg)GQ_Q
az =0, _ Qo ) _ 2bsh+by (@, L:ke?) a= B(h)/(2a1),
a1 #0 a1 ay n2e k= —al/(2b2)

o 1 2bsh + by
a2 7& Oa ai b2 a - ? B 2 ’

a? =4dagas B 2as 2 7a_2 £ Zsa (ﬁ\/g) @

8=2,/B(n)

az =a1 =0, b1 4bobs — b? 1/2 3 2 7/ ag 1/2

- 1 —02 Zy 3 (ke3? k===
ap £ 0 20y Aagbs €75 205 (KET) 3 ( by )

Notation: D? = a? —4agag, A(h)=2ash+a1, B(h)=byh*+bih+by

102.

103.

104.

105.

106.

107.

(ax + b)y”_ + s(cx + d)y,, — s*’[(a + c)xz + b+ dly = 0.

Particular solution: yo = e**.

(azx + b2)y” + (a1 + b1)y’, + (aox + bo)y = 0.

Let J(a,b;x) be an arbitrary solution of the degenerate hyperheometric equation
zyl 4+ (b—x)y, —ay =0 (see 2.1.2.65), and Z, (x) be an arbitrary solution of the Bessel
equation (see 2.1.2.121). The results of solving the original equation are presented in
Table 2.2.

(z+ Ny, + (az™ + bx™ + )y, + (anz™ ! + bmaz™ 1)y = 0.

ar” +bx™ +c—1
dm).

Particular solution: yo = exp(— / —
T

z?y!” +ay =0.

This is a special case of equation 2.1.2.118. The substitution x = e* leads to a constant
coefficient equation: y;, — y; + ay = 0.

:czy;’w + (ax + b)y = 0.

This is a special case of equation 2.1.2.127.

2,1

wyww+[a2$2—n(n—|—1)]y:0, n=0,1, 2, ...

Che® + Che™ 2% )

Solution: yz"t! = (CESD)H( p2n—1

d
here D = —.
where I
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108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

2?y” —la®z? +n(n+1)]y=0, n=0,1,2, ...

Cicosar + Cysinax )
b)

d
. . n+1 _ 3 n _
Solution: yz" " = (z°D) ( T where D = e

T

z2y” — (a®z? + 2abz + b® — b)y = 0.

Particular solution: yo = z’e®®.

mzy;’w + (ax? + bz + c)y = 0.
The substitution y = z*u, where X is a root of the quadratic equation \> — A +¢ =0,

leads to an equation of the form 2.1.2.103: zu!/, + 2)\u’, + (ax + b)u = 0.

For a = f%, b=k, c= % —m?2, the original equation is reffered to as Whittaker’s

equation.

5
x?y! — (ax® + 35 )y = 0.

2
Particular solution: yg = x4 exp(g\/g 3/2).

z?y” — [a?z* 4+ a(2b — 1)z? + b(b+ 1)]y = 0.

2

ax
Particular solution: yo = z~° exp<77).

z2y” 4+ (az™ 4+ b)y = 0.

This is a special case of equation 2.1.2.127.
z?y” — [a®z®" + a(2b+n — 1)z™ + b(b— 1)]y = 0.

. . a
Particular solution: yo = exp(—x").
n

z?y” + (ax®" 4 bx™ + c)y = 0.

This is a special case of equation 2.1.2.141.

2, /1 3n 2n 1- ’I’L2
%y, + (az”" + bx +T y=0.
n—1
The transformation £ = ax™ +b, w=yxr 2 leads to an equation of the form 2.1.2.7:

wie + (an) 26w = 0.

2.1 2n n m 1_n2
zy, . + |ax“" (bz™ + c) —I-T y = 0.

n—1
The transformation £ = bz"™ +¢, w=yx 2 leads to an equation of the form 2.1.2.7:
wee + (an)~2mw = 0.
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118. z%y” + axy) + by = 0.

The FEuler equation.
Solution:

l1—a

2|72 (Culal” + Celz ™) if (1— a)? > 4b,
l1—a

Y= lz"2 (Cr+Colnlz)) if (1 —a)? = 4b,
l—a

lz| 2 [Cisin(uln|z|) + Cycos(uin|z|)] if (1 —a)? < 4b,

where = +|(1 — a)? — 4b|Y/2.

119. z%y? +xyl + [2®> — (n + 5)%]y = 0, n=0,1, 2, ...

This is a special case of equation 2.1.2.121.

e (TS T

120. =%y’ +zy! — [22 + (n + %)z]y =0, n=0,1, 2, ...
This is a special case of equation 2.1.2.122.

o e )

121. 22y’ + zy), + (2® —v?)y = 0.
The Bessel equation.

1°. Let v be an arbitrary noninteger. Then the general solution is
y = C1J,(z) + CLY, (2), (1)
where J, and Y, are Bessel functions of the first and second kind:

Jy(x)cosmv — J_,(x)

x© kl’ v+2k

KT(v+k+1) @)

Y =
v(2) sin v
k=0

Solution (1) is denoted by y = Z, (x) which is reffered to as the cylindric function.
The cylindric functions possess the following properties:

2vZ,(x) = 2[Zy-1(2) + Zy41(2)],
%[x”ZV(sc)] =a"Z,_1(x),
%[m‘”ZV(x)] =—2""Z,41(x).
Functions J, and Y, may be presented in terms of definite integrals (with = > 0):
wJ,(z) = /OTr cos(zsin@ — v0) df — sin v /000 exp(—zsinh ¢ — vt) dt,

7Y, (x) = / sin(zsinf — v0) do — / (e’t + e V! cosm)e TSinht gt
0 0
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122,

2°. In the case v =n + %7 where n =0, 1, 2, ..., the Bessel functions are expressed
in terms of elementary functions:

2 a1 1 d \7sinzx
@ =y (- o) o
Tyl =y Lt (L Ly s
2 i X

Ve (@) = (~1)", (@),

3°. Let v = n be an arbitrary integer. The the following relations hold:
Jon@) = (1" al@), Youl@) = (—1)"Ya(a).
The solution is given by formula (1), wherein function J,(z) is obtained by substi-

tuting v = n into formula (2), while function Y,,(z) is found by taking the limit as
v — n and for positive n becomes

Yn(ﬂf)Z%Jn %_%Z n— —1 <i>n—2k

where (1) = —v, ¥(n) = =y + >_p_ Tk7Y 4 = 0.5572... is the Euler constant,
P(z) = [InT(z)]}, is the logarithmic derlvatlve of the gamma-function.

For nonnegative integer n and large x, we may write

7z Jon(2) = (=1)"(cos x + sinz) + O(x?),
VT Jopy1(z) = (=1)" " (cosx — sinx) + O(z~?).

Function J, may be presented in terms of the definite integral

1 s
Jn(z) = —/ cos(zsint — nt) dt; n=0,1,2,...
0

™

The Bessel functions are described in the books by Abramowitz & Stegun (1964)
and Bateman & Erdélyi (1953, vol. 2) in more detail (see also Suplement 2).

z?y! +xy! — (2® + vy = 0.
The modified Bessel equation.
It can be reduced to the equation 2.1.2.121 by means of the substitution x = iZ.
Solution:
y=C11,(z) + Co K, (),

where I, and K, are modified Bessel functions:

0 (x)2)Ht T I, —1,

Iy(z) = L HT(+k+1) Ky (=) =

2 sinmv
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I,(z) may be expressed in terms of Bessel function:
I,(z) = e_”i/QJl,(J;e”/z), i? = —1.

The case v =n+ 5, where n =0, 1, 2, ..., is given in 2.1.2.120.
If v = n is a nonnegative integer, we have

1 n—1

Ko() = (1" (@) 5+ 5 3 (—1)”1(%)27“7”%
1 n =\ 2 p(n+m A1) +(m+ 1
JrE(il) 2(5) ( m!(n)—i-m)f ); n=0,1,2,...,

where 1(z) is the logarithmic derivative of the gamma-function (see 2.1.2.121); for
n = 0, the first sum is omitted.
As x — 400, the leading terms of the asymptotic expansion are

I,(x) ~ \/%, K, (x) ~ VT e ",

The modified Bessel functions are described in the books by Abramowitz & Stegun
(1964) and Bateman & Erdélyi (1953, vol. 2) in more detail (see also Suplement 2).

123. 2%y + 2zy), — (a®z? +2)y = 0.
Solution: 2y = Cy(az — 1)e®® + Caazx + 1)e 2.

124. 2%y — 2axy), + [b*z® + a(a + 1)]y = 0.

Solution: y = z%(C} sinbx + Cs cos br).
125. 2%y — 2azy’ + [-b*z® + a(a + 1)]y = 0.
Solution: y = xa(C’lebx + Cge_bz).

126. z?y! + Azy!, + (ax® + bz + c)y = 0.

The substitution y = z¥u, where k is a root of the quadratic equation k% + (A — 1)k +
c =0, leads to an equation of the form 2.1.2.103:

zull, + (A + 2k)ul, + (ax + b)u = 0.

127. 22y + azxy! + (bz™ + c)y =0, n#0.

The case b = 0 corresponds to the Euler equation 2.1.2.118.
For b # 0, the solution is

1—

v o (2t ) 4 e (2vhat) |

where v = L /(1 —a)? — 4c, J, and Y, are Bessel functions of the first and second
kind.
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128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

z?y” + azy’, + ™ (bz™ + c)y = 0.
The substitution £ = z™ leads to an equation of the form 2.1.2.103:
n&yfe +n(n — 1+ a)y; + (b€ + )y = 0.

z?yl, + (az + by, + cy = 0.

The transformation x = £71, y = £*efw, where k is a root of the quadratic equation
k* + (1 — a)k + ¢ = 0, leads to the equation of the form 2.1.2.103:

e + [(2 = B)E + 2k + 2 — alul + [(1 — b)E + 2k + 2 — a — bkjw = 0.

z2y” + ax?y! + (bxz? + cx 4+ d)y = 0.
The substitution y = uexp(—%ax) leads to an equation of the form 2.1.2.110:

2’y + [(2a® + b)z® + cx + dlu = 0.

z2y” + (az® + by’ + c[(a — c)z® + bly = 0.

Particular solution: yo = e~ “*.

z?y” + (az® + bx)y,, — by = 0.

Particular solution: yo = z e ™%,

z2y” + (az? +bx)y), + [k(a — k)x? + (an+ bk — 2kn)z +n(b—n—1)]y = 0.

Particular solution: yg = x e ke,

axx?y! + (a12? + bix)y., + (aox® + box + co)y = 0.
The substitution y = z*w, where k is a root of the quadratic equation ask?+(by —az)k+

co = 0, leads to the equation of the form 2.1.2.103:
aszwl, + (a1 + 2a2k + by)wl, + (agw + a1k + by)w = 0.

x?yl + [ax® + (ab — 1)z + bly), + a’bxy = 0.

Particular solution: yo = (az + 1)e™%".

2?y! —2x(x? — a)y,, + {2nz? + [(—1)"™ — 1]a}y = 0.

For n =0, 1, 2, ..., particular solutions are polynomials: yg = P, (x), where Py =1,
P =x, P, =21% —1—2a, P3 = 22® — (3 + 2a)z, ... The polynomials contain only
even powers of x for even n and only odd powers of x for odd n.

x2y” + z(ax? + bx + ¢)y), + (Az® + Bz? + Cx + D)y = 0.

1°. The substitution y = zFw, where k is a root of the quadratic equation k2 +

(¢—1)k+D =0, leads to an equation of the form 2.1.2.79 (see also 2.1.2.75-2.1.2.78):
zwll, + (ax? + br + ¢+ 2k)wl, + [Az? + (B + ak)z + C + bk]y = 0.
2°. Let s and r be arbitrary parameters.
For A=ar, B=as+br—1? C=bs+cr—2rs, D= s(c—s— 1), a particular
solution is yg = ™%~ "".
For A=a(b—r), B=a(lc—s+1)+r(b—r),C=bs+cr—2rs, D=s(c—s—1),
a particular solution is yg = z~° exp(—%agc2 —rx).
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138.

139.

140.

141.

142.

143.

144.

145.

z?y” + ax™y! — (abz™ + acx™ ! + b%*x? + 2bcx + c® — c)y = 0.

Particular solution: yo = z°e®®.

z?y” + az™y! + (abz™ 2™ — b2zA™+2 4 amz™ ! — m? — m)y = 0.

b
x2m+1).

Particular solution: o = 2™ (—
articular solution yo X eXp 2m—|—1

z2y!” + x(az™ + b)y., + b(az™ — 1)y = 0.

Particular solution: o = z~°.

2yl + x(azx™ + b)y., + (ax®" + Bx™ + v)y = 0.

The transformation & = 2", w = y£~*, where k is a root of the quadratic equation
n?k% +n(b— 1)k + v = 0, leads to an equation of the form 2.1.2.103:

n?éw! + [na& + 2kn® + n(n — 1+ b)Jw’, + (a€ + kna + B)w = 0.

wzy;’w + x(2ax™ + b)y., + [a?z®" + a(b+n — 1)z™ + ax®™ + Bz™ +~]y = 0.

The substitution w = yexp(ix”) leads to the equation of the form 2.1.2.141:
n
22w! + baxw!, 4 (ax®™ 4 Bz™ + y)w = 0.

z?y” + (axz™t? 4+ bx? + ¢)y!, + (anz™ ! 4+ acz™ + be)y = 0.

a
Particular solution: yo = exp(— i bm).
n+1

1—-—=z?y” +nn—-1)y=0, n=20,1, 2, ..

This equation is encountered in Hydrodynamics when decribing axially symmetric
Stokes flows.
For n > 2, the solution is

Y= Cljn(‘r) + CQHn(x)u

where J,, and H,, are the Gegenbauer functions which may be presented in terms of
the Legendre functions of the first and second kind (see 2.1.2.147) as follows:

P,_o(z) — P,(x)

_ an2('r) — Qn(x) )

In(w) = o1 @) o — 1
For n =0 and n = 1, the solution is y = C7 + Cax.
2 2\, b ’ 6y = 0
(z? — a?)y;, + by, — 6y = 0.
2a—b

2a+b
Particular solution: yo = (4z —b)|z +a| 20 |z —a| 20 .
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146.

147.

148.

(z? — 1)y +zy! +ay = 0.
1°. For a = k? > 0, the solution is
C1 cos(k Arcosh |z|) + Co sin(k Arcosh |z|) if |z] > 1,
- { Cy exp(karccos z) + Co exp(—karccosz)  if |z] < 1,
where Arcoshz = In(z + \/3:2——1)
2°. For a = —k? < 0, the solution is
Cy exp(kArcosh|z|) + C exp(—kArcosh|z|) if |z| > 1,
- { C cos(k arccos x) + Cy sin(k arccos x) if |z < 1.

3°. For a = —n?, where n is a nonnegative integer, partial solutions are the Tcheby-
cheff polynomials T}, (z) = 2'~" cos(n arccos ).

(1—=2?)y”, —2zy, +n(n+1)y =0, n=0,1, 2, ...

The Legendre equation.
The solution is

y = C1 Py () + C2Qn (1),
where the Legendre polynomials P, (x) and the Legendre functions of the second kind
Qn(x) are given by the formulae
1 dr

n!2n dzm

Pn(x) = ($2 - 1)n’

1 1—|—1:
Qn(l') = §Pn( l—x - Z m 1 rL m(x)

Functions P, = P, (x) can be conveniently calculated by the recurrence relations
2n+1 n

1
Py=1 P = Py=—B8z>-1), ..., Ppur=—aP,— ——P, 1.
0 s 1=, 2 2($ )1 s n+1 n+1$L T 1—1
Three leading functions @,, = Q,(x) are
1 1+zx x 1+x 32 -1 1+x 3
=1 =1 -1 = 1 -2
@Qo=75hg—r Q=ghg—-1 @ e R

All n zeros of the polynomial P, (z) are real and lie on the interval —1 < z < +1;
functions P, (z) form an orthogonal system on the closed interval —1 <z < 41, with
the relations taking place

+1 0 if n # m,
P, (z) Py (x)dx = 2

1 if n =m.
2n+1

1—2?)y” —2zy, +v(r+1)y=0.

The Legendre equation; v is an arbitrary number.

The case v = n where n is a nonnegative integer is considered in 2.1.2.147.

The substitution z = z2 leads to the hypergeometric equation. Therefore, with
|z| < 1 the solution can be written as

v 14v 1
y= ClF( 2 3 2 ; 2 )

where F' is the hypergeometric series (see 2.1.2.158).

The Legendre equation is discussed in the books by Abramowitz & Stegun (1964),
Bateman & Erdélyi (1953, vol. 1), and Kamke (1976) in more detail (see also Suple-
ment 2).

1—v v 3
F(—a 1 = )7
x)—l—Cgm 5 + 77 3 T
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149.

150.

151.

152.

153.

154.

155.

156.

157.

(x> - 1)y” +2(n+Vzy., —(v+n+1)(r —n)y =0, n=1, 2, 3, ..
d’n

Solution: y= d—yu(as), where y, is the general solution of the Legendre equation
In

2.1.2.148.

(2 —1)y’ —2(n—1)zy, — (v —n+1)(v +n)y =0, n=1,2,3, ...

mn
— yu(x), where y, is the general solution of the Legendre

Solution: y = |2% —1|"
equation 2.1.2.148.

(ax? + b)y + axy., +cy = 0.

The substitution z leads to a constant coefficient equation: y./,+cy=0.

_/ dx
var?+b
(* + a)yy, + 2bxy, +2(b— 1)y = 0.

Particular solution: o = (2% + a)' .

(az? + b)y”_ + (2n + 1)azy), + cy = 0, n=1, 2, 3, ...
This equation can be obtained by n-fold differentiation of the equation of the form
2.1.2.151:

(az? + b)ull, + axul, + (c — an?)u = 0.

d"u
dzn

Solution: y =

(1 —2?)y”, —zy,, + (2az® + b)y = 0.

This is an algebraic form of the Mathieu equation.
The substitution « = cos z leads to the Mathieu equation 2.1.6.4: y”, + (a + b+
acos2z)y = 0.

(1 — a2y, + (az + by, + cy = 0.
The substitution 2z = 1 4 x leads to the hypergeometric equation 2.1.2.158:

2(1=2)y., + [az+ 5(b—a)ly.