
Supplement 1
Some Elementary Functions

and Their Properties

In Supplement 1, n is a positive integer, unless otherwise specified.

1.1. Trigonometric Functions

1.1.1. Simplest Relations

sin2 x + cos2 x = 1,
sin(−x) = − sinx,

tanx =
sinx

cosx
,

tan(−x) = − tanx,

tanx cotx = 1,
cos(−x) = cosx,

cotx =
cosx
sinx

,

cot(−x) = − cotx.

1.1.2. Relations Between Trigonometric Functions
of Identical Argument

sinx = ±
√

1 − cos2 x = ± tanx√
1 + tan2 x

= ± 1√
1 + cot2 x

,

cosx = ±
√

1 − sin2 x = ± 1√
1 + tan2 x

= ± cotx√
1 + cot2 x

,

tanx = ± sinx√
1 − sin2 x

= ±
√

1 − cos2 x
cosx

=
1

cotx
,

cotx = ±
√

1 − sin2 x

sinx
= ± cosx√

1 − cosx
=

1
tanx

.

1.1.3. Reduction Formulae

sin(x± nπ) = (−1)n sinx,

sin
(
x± 2n + 1

2
π
)

= ±(−1)n cosx,

tan(x± nπ) = tanx,

tan
(
x± 2n + 1

2
π
)

= − cotx,

cos(x± nπ) = (−1)n cosx,

cos
(
x± 2n + 1

2
π
)

= ∓(−1)n sinx,

cot(x± nπ) = cotx,

cot
(
x± 2n + 1

2
π
)

= − tanx,
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sin
(
x± π

4

)
=

√
2

2
(sinx± cosx),

tan
(
x± π

4

)
=

tanx± 1
1 ∓ tanx

,

cos
(
x± π

4

)
=

√
2

2
(cosx∓ sinx),

cot
(
x± π

4

)
=

cotx∓ 1
1 ± cotx

.

1.1.4. Addition Formulae

sin(x± y) = sinx cos y ± sin y cosx,

tan(x± y) =
tanx± tan y

1 ∓ tanx tan y
,

cos(x± y) = cosx cos y ∓ sinx sin y,

cot(x± y) =
1 ∓ tanx tan y

tanx± tan y
.

1.1.5. Addition and Subtraction of Trigonometric Functions

sinx± sin y = 2 sin
( x± y

2

)
cos

( x∓ y

2

)
,

cosx + cos y = 2 cos
( x + y

2

)
cos

( x− y

2

)
,

cosx− cos y = −2 sin
( x + y

2

)
sin

( x− y

2

)
,

a cosx + b sinx = r sin(x + ϕ) = r cos(x− ψ),

where r =
√
a2 + b2, sinϕ = a/r, cosϕ = b/r, sinψ = b/r, cosψ = a/r,

sin2 x− sin2 y = cos2 y − cos2 x = sin(x + y) sin(x− y),

sin2 x− cos2 y = − cos(x + y) cos(x− y),

tanx± tan y =
sin(x± y)
cosx cos y

, cotx± cot y = − sin(x± y)
sinx sin y

,

1.1.6. Product of Trigonometric Functions

sinx sin y = 1
2 [cos(x− y) − cos(x + y)],

cosx cos y = 1
2 [cos(x− y) + cos(x + y)],

sinx cos y = 1
2 [sin(x− y) + sin(x + y)].

1.1.7. Powers of Trigonometric Functions

cos2 x = 1
2 cos 2x + 1

2 ,

cos3 x = 1
4 cos 3x + 3

4 cosx,

cos4 x = 1
8 cos 4x + 1

2 cos 2x + 3
8 ,

cos5 x = 1
16 cos 5x + 5

16 cos 3x + 5
8 cosx,

sin2 x = − 1
2 cos 2x + 1

2 ,

sin3 x = − 1
4 sin 3x + 3

4 sinx,

sin4 x = 1
8 cos 4x− 1

2 cos 2x + 3
8 ,

sin5 x = 1
16 sin 5x− 5

16 sin 3x + 5
8 sinx,
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cos2n x =
1

22n−1

n−1∑
k=0

Ck
2n cos[2(n− k)x] +

1
22n

Cn
2n,

cos2n+1 x =
1

22n

n∑
k=0

Ck
2n+1 cos[(2n− 2k + 1)x],

sin2n x =
1

22n−1

n−1∑
k=0

(−1)n−kCk
2n cos[2(n− k)x] +

1
22n

Cn
2n,

sin2n+1 x =
1

22n

n∑
k=0

(−1)n−kCk
2n+1 sin[(2n− 2k + 1)x],

where Ck
m = m!

k!(m−k)! are binomial coefficients.

1.1.8. Trigonometric Functions of Multiple Arguments

cos 2x = 2 cos2 x− 1,

cos 3x = −3 cosx + 4 cos3 x,

cos 4x = 1 − 8 cos2 x + 8 cos4 x,

cos 5x = 5 cosx− 20 cos3 x + 16 cos5 x,

sin 2x = 2 sinx cosx,

sin 3x = 3 sinx− 4 sin3 x,

sin 4x = 4 cosx(sinx− 2 sin3 x),

sin 5x = 5 sinx− 20 sin3 x + 16 sin5 x,

cos(2nx) = 1 +
n∑

k=1

(−1)k
n2(n2 − 1) . . . [n2 − (k − 1)2]

(2k)!
4k sin2k x,

cos[2(n + 1)x] = cosx
{

1

+
n∑

k=1

(−1)k
[(2n + 1)2 − 1][(2n + 1)2 − 32] . . . [(2n + 1)2 − (2k − 1)2]

(2k)!
sin2k x

}
,

sin(2nx) = 2n cosx
[
sinx +

n∑
k=1

(−1)k
(n2 − 1)(n2 − 22) . . . (n2 − k2)

(2k − 1)!
4k sin2k−1 x

]
,

sin[2(n + 1)x] = (2n + 1)
{

sinx

+
n∑

k=1

(−1)k
[(2n + 1)2 − 1][(2n + 1)2 − 32] . . . [(2n + 1)2 − (2k − 1)2]

(2k + 1)!
sin2k+1 x

}
,

tan 2x =
2 tanx

1 − tan2 x
, tan 3x =

3 tanx− tan3 x

1 − 3 tan2 x
, tan 4x =

4 tanx− 4 tan3 x

1 − 6 tan2 x + tan4 x
.

1.1.9. Euler and de Moivre Formulae, Relation to Hyperbolic Functions

ez+ix = ez(cosx + i sinx), (cosx + i sinx)n = cos(nx) + i sin(nx), i2 = −1,

sin(ix) = i sinhx, cos(ix) = coshx, tan(ix) = i tanhx, cot(ix) = −i cothx.
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1.1.10. Differentiation and Integration Formulae

d sinx

dx
= cosx,

d cosx
dx

= − sinx,
d tanx

dx
=

1
cos2 x

,
d cotx
dx

= − 1
sin2 x

,

∫
sinx dx = − cosx + C,

∫
cosx dx = sinx + C,

∫
tanx dx = − ln | cosx| + C,

∫
cotx dx = ln | sinx| + C,

∫
sin2n x dx =

1
22n

Cn
2nx +

(−1)n

22n−1

n−1∑
k=1

(−1)kCk
2n

sin[(2n− 2k)x]
2n− 2k

+ C,

∫
sin2n+1 x dx =

n∑
k=0

(−1)k

2k + 1
Ck

n cos2k+1 x + C,

∫
cos2n x dx =

1
22n

Cn
2nx +

1
22n−1

n−1∑
k=1

Ck
2n

sin[(2n− 2k)x]
2n− 2k

+ C,

∫
cos2n+1 x dx =

n∑
k=0

(−1)k

2k + 1
Ck

n sin2k+1 x + C,

∫
tan2n x dx = (−1)nx−

n∑
k=1

(−1)k(tanx)2n−2k+1

2n− 2k + 1
+ C,

∫
tan2n+1 x dx = (−1)n+1 ln | cosx| −

n∑
k=1

(−1)k(tanx)2n−2k+2

2n− 2k + 2
+ C,

∫
cot2n x dx = (−1)nx +

n∑
k=1

(−1)k(cotx)2n−2k+1

2n− 2k + 1
+ C,

∫
cot2n+1 x dx = (−1)n ln | sinx| +

n∑
k=1

(−1)k(cothx)2n−2k+2

2n− 2k + 2
+ C,

where Ck
m =

m!
k! (m− k)!

are binomial coefficients.

1.2. Hyperbolic Functions

1.2.1. Simplest Relations

sinhx =
ex − e−x

2
,

tanhx =
ex − e−x

ex + e−x
,

coshx =
ex + e−x

2
,

cothx =
ex + e−x

ex − e−x
,
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cosh2 x− sinh2 x = 1,
sinh(−x) = − sinhx,

tanhx =
sinhx

coshx
,

tanh(−x) = − tanhx,

tanhx · cothx = 1,
cosh(−x) = coshx,

cothx =
coshx

sinhx
,

coth(−x) = − cothx.

1.1.2. Relations Between Hyperbolic Functions of Identical Argument

sinhx = ±
√

cosh2 x− 1 = ± tanhx√
1 − tanh2 x

= ± 1√
coth2 x− 1

,

coshx =
√

sinh2 x + 1 = ± 1√
1 − tanh2 x

= ± cothx√
coth2 x− 1

,

tanhx =
sinhx√

sinh2 x + 1
= ±

√
cosh2 x− 1
coshx

=
1

cothx
,

cothx =

√
sin2 x + 1
sinhx

= ± coshx√
cosh2 x− 1

=
1

tanhx
.

1.2.3. Addition Formulae

sinh(x± y) = sinhx cosh y ± sinh y coshx,

cosh(x± y) = coshx cosh y ± sinhx sinh y,

tanh(x± y) =
tanhx± tanh y

1 ± tanhx tanh y
, coth(x± y) =

cothx coth y ± 1
coth y ± cothx

.

1.2.4. Addition and Subtraction of Hyperbolic Functions

sinhx± sinh y = 2 sinh
( x± y

2

)
cosh

( x∓ y

2

)
,

coshx + cosh y = 2 cosh
( x + y

2

)
cosh

( x− y

2

)
,

coshx− cosh y = 2 sinh
( x + y

2

)
sinh

( x− y

2

)
,

sinh2 x− sinh2 y = cosh2 x− cosh2 y = sinh(x + y) sinh(x− y),

sinh2 x + cosh2 y = cosh(x + y) cosh(x− y),

tanhx± tanh y =
sinh(x± y)
coshx cosh y

, cothx± coth y = ± sinh(x± y)
sinhx sinh y

,

1.2.5. Product of Hyperbolic Functions

sinhx sinh y = 1
2 [cosh(x + y) − cosh(x− y)],

coshx cosh y = 1
2 [cosh(x + y) + cosh(x− y)],

sinhx cosh y = 1
2 [sinh(x + y) + sinh(x− y)].
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1.2.6. Powers of Hyperbolic Functions

cosh2 x = 1
2 cosh 2x + 1

2 ,

cosh3 x = 1
4 sinh 3x + 3

4 sinhx,

cosh4 x = 1
8 cosh 4x + 1

2 cosh 2x + 3
8 ,

sinh2 x = 1
2 cosh 2x− 1

2 ,

sinh3 x = 1
4 sinh 3x− 3

4 sinhx,

sinh4 x = 1
8 cosh 4x− 1

2 cosh 2x + 3
8 ,

cosh5 x = 1
16 sinh 5x + 5

16 sinh 3x + 5
8 sinhx,

sinh5 x = 1
16 sinh 5x− 5

16 sinh 3x + 5
8 sinhx,

cosh2n x =
1

22n−1

n−1∑
k=0

Ck
2n cosh[2(n− k)x] +

1
22n

Cn
2n,

cosh2n+1 x =
1

22n

n∑
k=0

Ck
2n+1 cosh[(2n− 2k + 1)x],

sinh2n x =
1

22n−1

n−1∑
k=0

(−1)kCk
2n cosh[2(n− k)x] +

(−1)n

22n
Cn

2n,

sinh2n+1 x =
1

22n

n∑
k=0

(−1)kCk
2n+1 sinh[(2n− 2k + 1)x],

where Ck
m =

m!
k! (m− k)!

are binomial coefficients.

1.2.7. Hyperbolic Functions of Multiple Argument

cosh 2x = 2 cosh2 x− 1,

cosh 3x = −3 coshx + 4 cosh3 x,

cosh 4x = 1 − 8 cosh2 x + 8 cosh4 x,

sinh 2x = 2 sinhx coshx,

sinh 3x = 3 sinhx + 4 sinh3 x,

sinh 4x = 4 coshx(sinhx + 2 sinh3 x),

cosh 5x = 5 coshx− 20 cosh3 x + 16 cosh5 x,

sinh 5x = 5 sinhx + 20 sinh3 x + 16 sinh5 x.

cosh(nx) = 2n−1 coshn x +
n

2

[n/2]∑
k=0

(−1)k+1

k + 1
Ck−2

n−k−22
n−2k−2(coshx)n−2k−2,

sinh(nx) =
[(n−1)/2]∑

k=0

2n−k−1Ck
n−k−1(coshx)n−2k−1,

where Ck
m =

k!
m! (k −m)!

are binomial coefficients, [A] stands for the integer part of num-

ber A.

1.2.8. Relation to Trigonometric Functoins

sinh(ix) = i sinx, cosh(ix) = cosx, tanh(ix) = i tanx, coth(ix) = −i cotx,

where i2 = −1.
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1.2.9. Differentiation and Integration Formulae

d sinhx

dx
= coshx,

d coshx

dx
= sinhx,

d tanhx

dx
=

1
cosh2 x

,
d cothx

dx
= − 1

sinh2 x
,

∫
sinhx dx = coshx + C,

∫
coshx dx = sinhx + C,

∫
tanhx dx = ln | coshx| + C,

∫
cothx dx = ln | sinhx| + C,

∫
sinh2n x dx =

(−1)n

22n
Cn

2nx +
1

22n−1

n−1∑
k=1

(−1)kCk
2n

sinh[(2n− 2k)x]
2n− 2k

+ C,

∫
sinh2n+1 x dx =

n∑
k=0

(−1)n+k

2k + 1
Ck

n cosh2k+1 x + C,

∫
cosh2n x dx =

1
22n

Cn
2nx +

1
22n−1

n−1∑
k=1

Ck
2n

cosh[(2n− 2k)x]
2n− 2k

+ C,

∫
cosh2n+1 x dx =

n∑
k=0

1
2k + 1

Ck
n sinh2k+1 x + C,

∫
tanh2n x dx = x−

n∑
k=1

(tanhx)2n−2k+1

2n− 2k + 1
+ C,

∫
tanh2n+1 x dx = ln coshx−

n∑
k=1

(tanhx)2n−2k+2

2n− 2k + 2
+ C,

∫
coth2n x dx = x−

n∑
k=1

(cothx)2n−2k+1

2n− 2k + 1
+ C,

∫
coth2n+1 x dx = ln | sinhx| −

n∑
k=1

(cothx)2n−2k+2

2n− 2k + 2
+ C,

where Ck
m =

m!
k! (m− k)!

are binomial coefficients.

1.3. Inverse Trigonometric Functions

1.3.1. Simplest Relations

Principal values of inverse trigonometric functions are defined by the inequalities

− π

2
≤ arcsinx ≤ π

2
, 0 ≤ arccosx ≤ π, where − 1 ≤ x ≤ 1,

− π

2
< arctanx <

π

2
, 0 < arccotx < π, where −∞ < x < +∞.
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arcsin(−x) = − arcsinx,

arctan(−x) = − arctanx,

arccos(−x) = π − arccosx,
arccot(−x) = π − arccotx,

sin(arcsinx) = x,

tan(arctanx) = x,

cos(arccosx) = x,

cot(arccotx) = x,

arcsin(sinx) =
{
x− 2nπ if 2nπ − 1

2 π ≤ x ≤ 2nπ + 1
2 π,

−x + 2(n + 1)π if (2n + 1)π − 1
2 π ≤ x ≤ 2(n + 1)π + 1

2 π,

arccos(cosx) =
{
x− 2nπ if 2nπ ≤ x ≤ 2nπ,
−x + 2(n + 1)π if (2n + 1)π ≤ x ≤ 2(n + 1)π,

arctan(tanx) = x− nπ if nπ − 1
2 π < x < nπ + 1

2 π,

arccot(cotx) = x− nπ if nπ < x < (n + 1)π.

1.3.2. Relation Between Inverse Trigonometric Functions

arcsinx + arccosx =
π

2
, arctanx + arccotx =

π

2
.

arcsinx =




arcsin
√

1 − x2 if 0 ≤ x ≤ 1,
− arccos

√
1 − x2 if −1 ≤ x ≤ 0,

arctan
x√

1 − x2
if −1 < x < 1,

arccot
√

1 − x2

x
− π if −1 ≤ x < 0,

arccosx =




arcsin
√

1 − x2 if 0 ≤ x ≤ 1,
π − arcsin

√
1 − x2 if −1 ≤ x ≤ 0,

arctan
√

1 − x2

x
if 0 < x ≤ 1,

arccot
x√

1 − x2
if −1 ≤ x ≤ 1.

arctanx =




arcsin
x√

1 + x2
if x− any,

arccos
1√

1 + x2
if x ≥ 0,

− arccos
1√

1 + x2
if x ≤ 0,

arccot
1
x

if x > 0.

arccotx =




arcsin
1√

1 + x2
if x > 0,

π − arcsin
1√

1 + x2
if x < 0,

arctan
1
x

if x > 0,

π + arccot
1
x

if x < 0.

©c 1995 by CRC Press, Inc.



1.3.3. Addition and Subtraction of Inverse Trigonometric Functions

arcsinx + arcsin y = arcsin
(
x
√

1 − y2 + y
√

1 − x2
)

if x2 + y2 < 1,

arccosx + arccos y = arccos
[
xy −

√
(1 − x2)(1 − y2)

]
if x + y > 0,

arccosx− arccos y = − arccos
[
xy +

√
(1 − x2)(1 − y2)

]
if x− y ≥ 0,

arctanx + arctan y = arctan
x + y

1 − xy
if xy < 1,

arctanx− arctan y = arctan
x− y

1 + xy
if xy ≥ −1.

1.3.4. Differentiation and Integration Formulae

d

dx
arcsinx =

1√
1 − x2

,

d

dx
arctanx =

1
1 + x2

,

d

dx
arccosx = − 1√

1 − x2
,

d

dx
arccotx = − 1

1 + x2
,

∫
arcsinx dx = x arcsinx +

√
1 − x2 + C,

∫
arccosx dx = x arccosx−

√
1 − x2 + C,

∫
arctanx dx = x arctanx− 1

2
ln(x2 + 1) + C,

∫
arccotx dx = x arccotx +

1
2

ln(x2 + 1) + C.

1.4. Inverse Hyperbolic Functions

1.4.1. Relation to Logarithmic Functions and Simplest Relations

Arsinhx = ln
(
x +

√
x2 + 1

)
,

Artanhx =
1
2

ln
1 + x

1 − x
,

Arcoshx = ± ln
(
x +

√
x2 − 1

)
,

Arcothx =
1
2

ln
1 + x

x− 1
,

Arsinh(−x) = −Arsinhx,

Artanh(−x) = −Artanhx,

Arcosh(−x) = Arcoshx,

Arcoth(−x) = Arcothx,

1.4.2. Relations Between Inverse Hyperbolic Functions

Arsinhx = Arcosh
√

x2 + 1 = Artanh
x√

x2 + 1
,

Arcoshx = Arsinh
√

x2 − 1 = Artanh
√
x2 − 1
x

,

Artanhx = Arsinh
x√

x2 − 1
= Arcosh

1√
1 − x2

x = Arcoth
1
x
.
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1.4.3. Addition and Subtraction of Inverse Hyperbolic Functions

Arsinhx± Arsinh y = Arsinh
(
x
√

1 + y2 ± y
√

1 + x2
)
,

Arcoshx± Arcosh y = Arcosh
[
xy ±

√
(x2 − 1)(y2 − 1)

]
,

Arsinhx± Arcosh y = Arsinh
[
xy ±

√
(x2 + 1)(y2 − 1)

]
,

Artanhx± Artanh y = Artanh
x± y

1 ± xy
,

Artanhx± Arcoth y = Artanh
xy ± 1
y ± x

.

1.4.4. Differentiation and Integration Formulae

d

dx
Arsinhx =

1√
x2 + 1

,

d

dx
Artanhx =

1
1 − x2

,

d

dx
Arcoshx =

±1√
x2 − 1

,

d

dx
Arcothx = − 1

1 − x2
,

∫
Arsinhx dx = xArsinhx−

√
x2 + 1 + C,

∫
Arcoshx dx = xArcoshx∓

√
x2 − 1 + C,

∫
Artanhx dx = xArtanhx +

1
2

ln(1 − x2) + C,

∫
Arcothx dx = xArcothx +

1
2

ln(x2 − 1) + C.

1.5. Some Conventional Symbols

1.5.1. Factorial

0! = 1! = 1, n! = 1 · 2 · 3 . . . (n− 1)n, n = 2, 3, 4, . . . ,

(2n)!! = 2 · 4 · 6 . . . (2n− 2)(2n) = 2nn!,

(2n + 1)!! = 1 · 3 · 5 . . . (2n− 1)(2n + 1) =
2n+1

√
π

Γ
(
n +

3
2

)
,

n!! =
{

(2k)!! if n = 2k,
(2k + 1)!! if n = 2k + 1, 0!! = 1.

1.5.2. Binomial Coefficients

Cb
a =

Γ(a + 1)
Γ(b + 1)Γ(a− b + 1)

,

where Γ(x) is the gamma-function.

Ck
a = (−1)k

(−a)k
k!

=
a(a− 1) . . . (a− k + 1)

k!
k = 1, 2, 3, . . .
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Ck
n =

n!
k!(n− k)!

, k = 1, 2, 3, . . . , n,

C0
a = 1, Ck

n = 0 for k = −1, −2, −3, . . . or k > n,

Cb+1
a =

a

b + 1
Cb

a−1 =
a− b

b + 1
Cb

a, Cb
a + Cb+1

a = Cb+1
a+1,

Cn
−1/2 =

(−1)n

22n
Cn

2n = (−1)n
(2n− 1)!!

(2n)!!
,

Cn
1/2 =

(−1)n−1

n22n−1
Cn−1

2n−2 =
(−1)n−1

n

(2n− 3)!!
(2n− 2)!!

,

C2n+1
n+1/2 = (−1)n2−4n−1Cn

2n, Cn
2n+1/2 = 2−2nC2n

4n+1,

C1/2
n =

22n+1

πCn
2n

, Cn/2
n =

22n

π
C(n−1)/2

n .

1.5.3. Pochhammer Symbol

(a)n = a(a + 1) . . . (a + n− 1) =
Γ(a + n)

Γ(a)
= (−1)n

Γ(1 − a)
Γ(1 − a− n)

,

(a)0 = 1, (a)−n =
Γ(a− n)

Γ(a)
=

(−1)n

(1 − a)n
, (n)k =

(n + k − 1)!
(n− 1)!

(a)−n =
Γ(a− n)

Γ(a)
=

(−1)n

(1 − a)n
, where a �= 1, 2, . . . , n; k = 1, 2, 3, . . . ,

(1)n = n!, (1/2)n = 2−2n (2n)!
n!

, (3/2)n = 2−2n (2n + 1)!
n!

,

(a + mk)nk =
(a)mk+nk

(a)mk
, (a + n)n =

(a)2n
(a)n

, (a + n)k =
(a)n(a + k)n

(a)n
,
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